Local unitary operations allow for a unifying approach to the quantification of quantum correlations among the constituents of a bipartite quantum systems. The distance between a given state and its image under leastperturbing local unitary operations is a bona fide measure of quantum entanglement, the so-called entanglement of response, for pure states, while for mixed states it is a bona fide measure of quantum correlations, the socalled discord of response. Exploiting this unifying approach, we perform a detailed comparison between twobody entanglement and two-body quantum correlations in infinite XY quantum spin chains both in symmetrypreserving and symmetry-breaking ground states as well as in thermal states at finite temperature.
I. INTRODUCTION
Quantum correlations arise from the combination of the superposition principle and the tensor product structure of the Hilbert space associated with a composite quantum system. For pure states, they are entirely captured by entanglement. Instead, in the case of mixed states, the situation becomes more subtle since there exist mixed non-entangled states that display non classical features, the so-called classical-quantum states [1] [2] [3] . Such states led to the idea that the total amount of quantum correlations cannot be, in general, quantified by the entanglement but rather by a more general feature named quantum discord (or quantumness). Both these two quantities showed to be not only a fundamental resource for quantum information, computation and communication [4] [5] [6] but also a key tool for the characterization of quantum many-body systems [7] [8] [9] . For example, there are particular quantum phases of matter, as the so called topological ordered phase, which are not characterized by the Landau-Ginzburg paradigm based on symmetry breaking, but rather by the entanglement properties of the ground state of the system [10] [11] [12] . This fact led to the awareness that quantum correlations of ground states allow for the most fundamental characterization of complex quantum systems. Such awareness is also strengthened by the fact that, even in systems that do not show any exotic phase, the analysis of some quantities related to entanglement and quantumness of correlations may provide a deeper characterization of the different phases [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
In spite of this big effort to characterize the entanglement and the quantumnes of the ground state of complex quantum systems, till now there exists no well posed comparison of the different behaviors of this two quantities on the same system. * Corresponding author: illuminati@sa.infn.it This fact is due that, till now, even if there exist many different measures of quantumness and entanglement, they are connected to different aspects of quantum states and hence a strict comparison between two of them, such as the one carried out in Ref. [23] , is not well posed. In this paper we want to carry out such direct comparison between entanglement and quantumness, basing our work to the recently introduced unified approach to the quantification of quantum correlations based on local unitaries [24] [25] [26] [27] . According to this approach, the distance between a given state and its image after the least disturbing local unitary transformation of the fixed spectrum of the complex roots of unity is a measure of the quantumness of correlations, the so-called discord of response, while the convex roof extension of this measure as well as its reduction to pure states are bona fide measures of entanglement that have been generically dubbed entanglement of response. We apply such results on spin pairs in the one-dimensional XY model in a transverse magnetic field with periodic boundary conditions. We show how the pairwise discord of response dominates with respect to the pairwise entanglement of response in symmetry preserving ground state, particularly at the factorization point and at long distances, and how it decays in symmetry breaking ground states, whereas the pairwise entanglement of response increases slightly for values of the external field below the factorization point. In addition, we show that in symmetry-breaking ground states and for the Hilbert-Schmidt distance, the pairwise discord of response is dominated by the entanglement of response, thus providing a concrete physical realization of the fact that the Hilbert-Schmidt metrics does not provide a reliable quantification of quantum correlations.
The present paper is organized as follows. In Section II we review the unifying approach to the quantification of quantum correlations based on local unitaries, by recalling the definitions of the entanglement and discord of response. In Section III we recall some features of the one-dimensional XY model in a transverse field with periodic boundary conditions. In Sections IV, V and VI we perform the comparison between the entanglement of response and the discord of response for spin pairs in an infinite XY , respectively in symmetric and symmetry breaking ground states, as well as in thermal states at finite temperature T > 0. We draw our conclusions in Section VII.
II. ENTANGLEMENT OF RESPONSE AND DISCORD OF RESPONSE: DEFINITIONS AND RESULTS
Let us first briefly review some basic definitions and results concerning the quantification of entanglement and quantum correlations by local unitary operations. All along the present work, we focus our attention on a quantum system AB composed of two distinguishable subsystems A and B. Such quantum system is associated to an Hilbert space H = H A ⊗ H B which is the tensor product of the Hilbert spaces associated with each subsystem, so that
Moreover, the space of states of AB is characterized by the convex set of density operators on H, i.e., the set of semi-positive definite and trace one operators on H, whose extremal points are the trace one projection operators on H that represent pure states.
Let us denote by ρ AB Φ ≡ |Φ AB Φ AB | and Λ, respectively, a generic pure state of the bipartite quantum system AB and the set of local unitary operators U A ≡ U A ⊗ I B such that I B is the identity operator on H B and U A is any unitary operator on H A whose spectrum is given by the d A -th complex roots of unity. The entanglement of response [24, 25] of a bipartite pure state ρ AB Φ ≡ |Φ AB Φ AB |, E |Φ AB , is defined by:
A and D T r is the trace distance between the two states. In other words, when the whole quantum system AB is in a pure state ρ AB Φ , the entanglement of response measures the quantum correlations between parts A and B by considering the distance between ρ AB Φ and its image after the least disturbing local unitary transformation of the fixed spectrum of the complex roots of unity.
There are at least two distinct ways to extend the entanglement of response to mixed states: the convex roof extension, which then identifies the entanglement of response of mixed states, and the discord of response defined as the distance from a mixed state and its image under least disturbing unitary operations [27] . On the one hand, the entanglement of response of any bi-partite mixed state ρ AB , E ρ AB , is defined as the convex roof extension of the entanglement of response for pure states, i.e.:
where the minimization is performed over all the decompositions of ρ AB in pure states
On the other hand, the discord of response of any bi-partite state ρ AB , Q(ρ AB ), is defined as [27] (see also Ref. [26] for earlier related work):
where, as in the case of pure states,ρ AB ≡ U A ρ AB U † A . Therefore, the entanglement and the discord of response measure different aspects of bipartite quantum correlations by two different uses of local unitary operations. The discord of response is obtained by applying local unitaries directly to the density operator ρ AB describing the state of the global system AB, while the entanglement of response stems from the application of local unitaries applies to the pure states of the optimal decomposition of ρ AB . By virtue of their common origin, it is possible to perform a direct comparison between entanglement of response and discord of response.
Indeed, the discord of response of any two-qubits state is a computable measure for two-qubit states, even when considering the trace distance [26, 27] . In such case, it relates nicely to the trace based geometric discord [28] . On the contrary, a direct evaluation of the convex roof is still extremely demanding even in this simple case. However, we can prove that the entanglement of response of a two-qubit mixed state is equal to the square of the concurrence [27, 29] . In the following we outline a sketch of the proof, referring to Ref. [27] for all the details. We start our proof considering that, in the case of two-qubit pure states, the entanglement of response coincides with the tangle [24] , which is equal to the squared concurrence [30] . Moving to mixed states, it is well known that, for the entanglement of formation, the minimum of the convex roof is achieved by pure states |φ AB i of the same concurrence of the mixed one [29] . Subsequently, it was noticed that the convex roof extensions of other measures of entanglement, which are convex and monotonically increasing functions of the concurrence, have the same optimal decomposition [31, 32] . Consequently, also the entanglement of response for two-qubit mixed states results to have the same optimal decomposition, implying that the entanglement of response of a mixed state of two qubits is equal to its squared concurrence.
III. XY MODEL
In order to compare entanglement of response and discord of response, let us set the stage by recalling some aspects of the complex quantum systems we shall focus on, that is the one-dimensional anti-ferromagnetic XY models in transverse field with periodic boundary conditions [33] [34] [35] [36] [37] . Such quantum spin models consist of a periodic chain of N 1 2 -spins, with nearest-neighbor interactions competing with a transverse magnetic field, whose dynamics is governed by the following Hamiltonian:
Here σ α i , α = x, y, z, are the Pauli matrices on site i, γ is the anisotropy in the xy plane and h is the strength of the transverse magnetic field and the periodic boundary conditions imply that σ α N +1 ≡ σ α 1 . The XY model reduces to the isotropic XX model and to the Ising model, respectively for γ = 0 and γ = 1.
Regardless of the value of γ, in the thermodynamic limit, these models feature a quantum phase transition at h = h c = 1. For h > h c = 1 and for any γ, the ground state space is non-degenerate and there is a finite gap in the energy spectrum between the ground state and the first excited state. On the other hand, for h < h c , for γ = 0 the ground state space remains non-degenerate while the energy spectrum becomes gapless, whereas for γ > 0 the ground state space becomes two-fold degenerate and the energy spectrum is gapped and the system can be characterized by a non vanishing order parameter m x = (−1)
i S x i . Together with the quantum critical point, there exists another relevant value of the external magnetic field, that is h f = 1 − γ 2 , the factorizing field. Indeed, at this value of h, the system admits at least two completely factorized ground states [15-17, 38, 39] , that collapse into a single state for γ = 0.
Since our goal is to compare the two-spin entanglement of response and discord of response, we need to determine the pairwise reduced density matrix ρ ij either in a symmetric ground state, in a symmetry-broken ground state, or in a thermal state at temperature T > 0. The pairwise reduced density matrix ρ ij is defined as the partial trace of the state of the whole chain with respect to all spins except those at sites i and j. While the ground state of the entire chain is a pure state, the reduced state of a pair of spins, in general, is a mixed state but at the factorization point. The two-site density matrix can be expanded in operators as follows [40] :
where σ [33] at non vanishing external field for the finite size system, or directly from Refs. [35, 36] in the thermodynamic limit.
On the other hand, when we are dealing with the symmetrybroken ground state, that requires that the lattice is at the thermodynamic limit, the external field is below the quantum critical point and γ > 0, also other correlation functions can be 
IV. RESULTS FOR THE SYMMETRIC GROUNDSTATE
Let us start our comparison reporting and commenting the results for the entanglement of response and discord of response obtained in the symmetric ground state in the thermodynamic limit. In Fig. (1) we plot the behavior of this two quantities for two neighboring spins for different values of γ. With the exception of the two limiting cases, the pairwise entanglement exhibits a very similar dependence on the external field for any value of γ. In fact, starting from high values of h and going to the left, we see that the entanglement increases until it reaches a maximum before the quantum critical point. Soon after it starts to decrease until it completely vanishes at the factorization point. It then increases again reaching a new maximum at h = 0. In the Ising case γ = 1 this second maximum is absent because the factorization point goes to zero, while the isotropic XX model does not show the first maximum because its ground state, for any h ≥ h c , is the tensor product of local pure states and hence all measures of entanglement must vanish. On the other hand, regardless of the value of γ, the pairwise discord shows a single local maximum that, depending on γ, can be either in the ordered phase h < h c or in the disordered phase h > h c and shifts towards higher values of h when γ increases. It is worth remarking that, except for the two limiting cases γ = 0, 1, the discord of the symmetric ground state never vanishes at the factorization point. This can be easily understood taking into account that for any γ = 0, 1 the symmetric ground state can be seen as the sum of the two completely factorized ground states and hence, while the entanglement vanishes, in agreement with the convex roof extension, the discord remains finite. Increasing the distance r between the two spins, we can see that the behaviors of entanglement and discord become more and more diverging. Indeed, for what concerns entanglement, from the lower panel of Fig. (2) one can see that it rapidly vanishes as r increases, except in a small region around h f that becomes smaller and smaller as the distance between the two spins increases, in agreement with the results of Ref. [41] . On the contrary, in the anti-ferromagnetic phase, the discord survives also in the limit of infinite r, as shown in the upper panel of Fig. (2) . In the paramagnetic and critical phases, the discord vanishes when r increases. This is due to the fact that in these regions, in the limit of infinite r, for a symmetric ground state, all one-body expectation values and two-body correlation functions vanish, with the exception of S sity matrix to reduce to a mixture of classical states. The fact that the pairwise discord does not vanish in the limit of infinite r has different relevant consequences. First, it signals that for the discord there is no relation equivalent to the entanglement monogamy [30, 42] . Secondly, a finite value of the discord between two far-away spins reveals the unavoidable quantum nature of the symmetric ground state in the ordered phase, that can be seen as a Schrödinger cat made by the two different ordered ground states. Let us now focus on the analysis of the behaviors of entanglement and discord close to the quantum critical point h ≡ h c = 1. For what concerns the entanglement, as expected, due to its relation with the concurrence [7, 43] , it shows a logarithmic positive divergence, for any γ ∈ ]0, 1], in its first derivative for two neighboring spins, ∂ h E 1 . At the same time, as we can see from the upper panel of Fig. (3) , also the first derivative of the nearest-neighbor discord, ∂ h Q 1 , signals the critical point h c with a logarithmic divergence. However, the latter can now be either positive or negative, depending on the value of γ via the position of the maximum of Q 1 with respect to h c (see Fig. (1) ).
By performing the finite size scaling analysis, one can show that both ∂ h E 1 and ∂ h Q 1 allow for an accurate description of the quantum phase transition occurring at h c = 1, providing an information about the critical exponent ν [19, [43] [44] [45] . To obtain the critical exponent ν we need to compare two different behaviors. On the one hand, for finite-size chains of length N , there is the dependence on N of the maximum value, for nearest neighbor entanglement, and of the minimum value, for nearest neighbor discord, attained by the first derivative as a function of the external field h. For instance, in the case γ = 0.5, from the data showed in the lower insets in Fig. (3) we obtain
Eq. (6) shows the logarithmic divergence of
as the length of the chain increases and approaches the thermodynamic limit, as a consequence of the fact that h m tends to h c (see upper insets in Fig. (3) ).
On the other hand, we have the dependence on log |h c − h| of the first derivative of E 1 and Q 1 with respect to the external field when the length of the chain diverges (see inset of Fig. (4) ),
As a consequence of the scaling ansatz relative to the case of logarithmic divergence [44] , ν is nothing but the opposite of the ratio between the pre-factors of the logarithms in Eq. (7) and Eq. (6), respectively. As a result we obtain ν = 1, in agreement with the known fact that for any γ ∈ ]0, 1] the XY model belongs to the Ising universality class.
The precision of the finite size scaling just performed is analyzed in Fig. (4) , where it is shown how, by proper scaling the data of the first derivative of both E 1 and Q 1 [44] , it is possible to make all data for different sizes N collapse onto a single curve.
As we have just unveiled, moving from the quantum critical to the factorization point h ≡ h f = 1 − γ 2 [15, 16, 38] the difference between discord and entanglement increases because while the first, in the thermodynamic limit, stays finite and attains the same value for any distance r of the spin pair, the second vanishes for all r. Nevertheless, as is displayed in Fig. (5) , at the factorization point h f the finite size scalings of both the two quantities are extremely similar. In fact, both entanglement and discord decrease with an exponential law with respect to the size N of the chain that is independent on the distance between the two spins and that becomes faster and faster as the anisotropy γ increases. More interestingly, for any fixed value of the anisotropy γ, the decay rate of E
is twice the corresponding rate for the discord. 
V. SYMMETRY BREAKING GROUND STATE
Let us now move from the symmetry preserving ground states to the symmetry breaking ones that characterize the thermodynamic system for h < h c and γ > 0. In the disordered phase, h > h c , the symmetry breaking ground state is not allowed and consequently both entanglement and discord must attain the same value and show the same behavior discussed in the previous section. The difference between symmetric and symmetry breaking ground states occurs in the ordered phase, h < h c , and manifests itself in the non vanishing order parameter σ x and two-spin correlation functions σ x i σ z j evaluated in the symmetry breaking ground state. In this case, as reported in Fig. (6) , for any γ ∈ ]0, 1], the critical point h c corresponds to the value of the external field h in which either the nearest-neighbor discord Q 1 shows a discontinuity or the first derivative of nearest-neighbor entanglement ∂ h E 1 diverges logarithmically. This difference between the behavior of discord and entanglement (for neighboring spins) is a due of the fact that only the discord is affected by breaking of the Hamiltonian symmetries at the critical point h c . Indeed, according to Ref. [46] , the concurrence and, as a consequence, also the pairwise entanglement, attain the same value for any h ≥ h f both in symmetric and symmetry breaking ground states. For some h < h f , there is a slight enhancement in the pairwise entanglement of the symmetry breaking ground state with respect to the symmetric one. Conversely, in general, pairwise discord Q 1 undergoes a decrement in the entire ordered phase h < h c moving from symmetric to symmetry breaking ground states. In other words, for symmetry breaking ground states, the quantum correlations between two neighboring spins in the overall ground state fall down in the ordered phase and are dominated almost entirely by entanglement. In particular, for symmetry breaking ground states, the factorization point h f represents a point in which simultaneously both the entanglement and the discord vanish, meaning that the purely classical mean field solution represents an ex- act solution of the system. Increasing the distance between the two spins, as one can see from the upper panel of Fig. (7) , pairwise quantum correlations lose their long range nature when moving from symmetric to symmetry breaking ground states. Indeed both pairwise entanglement and pairwise discord, in the symmetry breaking ground state, do not survive when the distance between the two spins is sufficiently large. While this result for the entanglement is associated to its monogamy properties [30, 42] , for the discord it is related to the fact that in the symmetry breaking ground state, not only the two body correlation function along x, i.e. S . Nevertheless, the pairwise discord of response is always larger than or equal to the pairwise entanglement of response for any value of h, γ and r also in the symmetry breaking ground state, as expected from a good measure of total quantum correlations. Accidentally, we note that this feature is lost when, instead than considering the trace distance, which is a well behaved contractive metrics under completely positive and trace-preserving maps, we take into account the simpler Hilbert-Schmidt distance. Indeed the Hilbert-Schmidt discord of response becomes smaller than the Hilbert-Schmidt entanglement of response for some values of the external field h < h f . This is a clear physical example of the fact that the pairwise Hilbert-Schmidt discords, including the HilbertSchmidt based geometric discord, are not bona fide measures of total quantum correlations [47] .
VI. THERMAL STATE
Up to this point we have focused our analysis on the ground state of our system. We will now consider our system in equilibrium with a thermal bath at generic finite temperature, T > 0.
The general behavior of E 1 , Q 1 and their first derivative as functions of the external field, for different temperatures T , is showed in Fig. (8) and Fig. (9) . With the appearance of thermal effects, the first derivative of both nearest-neighbor entanglement and discord is no longer singular at the critical point h c , in agreement with the fact that criticality occurs exactly only at zero temperature. In particular, as one can see in the lower panel of Fig. (9) , as soon as the temperature T rises from zero to some finite value, the zero temperature singularity of ∂ h E 1 at the critical point h c is smoothed into a maximum of ∂ h E 1 localized at a value of the external field h higher than h c . Moreover, the more the temperature increases, the more this maximum moves away from the critical point h c and the corresponding value of ∂ h E 1 decreases. Similarly, as is shown in the upper panel of Fig. (9) , for what concern ∂ h Q 1 , the divergence at the critical point h c is replaced with either a minimum or a maximum of ∂ h Q 1 (depending on γ) at a value of the external field h lower than h c . In addition, the higher T , the more this extremal point moves away from the critical point h c and the corresponding absolute value of ∂ h Q 1 decreases. On the other hand, being factorization a phenomenon that affects only the ground state of the system, as soon as the temperature is taken into account, the factorization point h f loses its particular role. Indeed, as reported in the lower panels of Fig. (8) , h f is no longer the unique point at which the nearestneighbor entanglement E 1 vanishes, but rather it is either the "center" of a region in which E 1 is identically zero and whose dimension increases with the temperature, or it is not even a zero of E 1 . In full agreement with this observation, at any non vanishing value of T the discord does no longer attain the same value for any distance r between the two spins, as it can be seen from Fig. (10) .
From Fig. (8) it also emerges that, as the temperature T increases, the peaks corresponding to the nearest-neighbor entanglement E 1 and discord Q 1 tend to flatten to zero quite differently. Specifically, pairwise discord is more robust than entanglement with respect to thermal effects. Interestingly, as displayed in Fig. (11) and Fig. (12) , for any anisotropy γ there also exist some particular values of the external field h such that either the pairwise entanglement or the pairwise discord increase when the temperature T rises from zero to some low finite value. This is in contrast to the common perception according to which thermal effects can cause only a deterioration of the quantum features. Furthermore, from Fig. (11) and Fig. (12) , one can see that this surprising behavior manifests itself mostly in the case of pairwise discord. Indeed the latter increases with the temperature for any anisotropy γ, for relatively large ranges of values of the external field h and any sufficiently small inter-spindistance r, while thermal pairwise entanglement displays this behavior only for a relatively small range of values of h and mostly for r = 1. More precisely, for sufficiently large values of γ, Q 1 increases with the temperature for all values of the external field h except those belonging to a small interval containing the critical point h c = 1, in which Q 1 is monotonically non increasing. Viceversa, for sufficiently small values of γ, again Q 1 increases with the temperature for all values of the external field h except those belonging to a particular interval, but this time this interval does not contain the critical point h c = 1 and shifts towards lower values of h, until at γ = 0 this interval shrinks to its lower bound at h = 0. Consequently, there is no correspondence between the increase in the pairwise discord with the temperature and the occurrence of a gap in the energy spectrum between the ground state and the first excited state.
VII. CONCLUSIONS
In this paper, we have compared the trace-distance based discord of response and the trace-distance based entanglement of response, which are, respectively, related to the tracedistance geometric discord and the squared concurrence. We have considered the pairwise quantities for spin pairs in an infinite XY chain which is either in a symmetric ground state, a symmetry breaking ground state, or a thermal state at finite temperature T > 0. When the entire XY chain is in a symmetric ground state, it has been found that there exists a considerable amount of total quantum correlations between any two spins, as quantified by the pairwise discord of response, especially in the ordered phase h < h c for sufficiently small anisotropy γ, and near the critical point h c for sufficiently large γ. Moreover, in general, entanglement captures only a relatively small part of these quantum correlations, particularly at the factorization point or when the distance between the two spins is sufficiently large, in which case only the pairwise discord survives. Conversely, it has been shown that via symmetry breaking the total amount of pairwise quantum correlations, again quantified by the pairwise discord of response, is strongly suppressed in the entire ordered phase h < h c , while pairwise entanglement undergoes a slight enhancement for some h < h f but in such a way that it remains always less than or equal to the pairwise discord. As a result, quantum correlations between any two spins in a XY chain in a symmetry breaking ground state are relatively small and are described almost entirely by entanglement. We have also shown that, for the symmetry breaking ground state, the pairwise Hilbert-Schmidt discord of response is smaller than the pairwise Hilbert-Schmidt entanglement of response for some values of the external field h < h f . This is a clear physical example showing that the Hilbert-Schmidt distance is not a good measure of geometric discords. Finally, concerning the case in which the entire XY chain is in a thermal state at finite temperature T > 0, it has been shown that the pairwise discord of response, i.e., the total amount of pairwise quantum correlations, is more robust than pairwise entanglement with respect to thermal effects. Moreover, it was also shown that for any anisotropy γ there exist some values of the external field h such that either the pairwise discord of response or entanglement of response increase as the temperature rises from zero to some low finite value. This surprising behavior is manifested mostly by the pairwise discord rather than by the entanglement. However, we have found no correspondence between the increase in the pairwise discord with the temperature and the presence of a gap in the model. 
